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Abstract

The convexity number C(G) of G is defined as the maximum cardinality of a proper convex set of
G, that is C(G) = max{|S|: S is a convex set of G and S # V(G)}. In this paper convexity number
of a Degree splitting graph of some standard graphs are determined and application of convex sets

in micro cardiac network graph is given.
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Introduction

By a graph ¢ = (V, E), we mean a finite undirected
connected graph without loops or multiple edges. The
order and size of G are denoted by p and
q respectively. For basic graph theoretic terminology,
we referto [1]. A vertex v is adjacent to another vertex
u if and only if there exists an edge e = uv € E(G).
If uv € E(G), we say that u is a neighbor of v and
denote by N (v), the set of neighbors of v. A vertex
v is said to be universal vertex if deg; (v) =p — 1.
A vertex v is called an extreme vertex if the subgraph
induced by v is complete.

Ashell graphisacycle C, with (p — 3) chords sharing
a common end vertex called the apex. Bistar is the
graph obtained by joining the p pendent edges to both
the ends of K,. The length of a path is the number of
its edges. Let u and v be vertices of a connected graph
G. A shortest u-v path is also called a u-v geodesic.
The (shortest path) distance is defined as the length of
a u-v geodesic in G and is denoted by d;(u,v)
ord(u,v) for short if the graph is clear from the
context. For a set S of vertices, let I[S]=
UxyesI[x,y]. AsetS c Viscalled a convex set of G
if I[S]=S.

These concepts were studied in[2,3].

The convexity number C(G) of G is defined as the
maximum cardinality of a proper convex set of G, that
is C(G) = max{|S|:S is a convex set of G and S +#

V(G)}

A convex set S in G with |S| = C(G) is called a
maximum convex set or C-set. Let G = (V,E) be a
graph with V(G) =S, US, U ..S, UT, where §; is
the set having at least two vertices of same degree and
T=V(G) —UL,S;. The degree splitting graph
DS(G) is obtained from G by adding vertices
Uy, Uy, -.., Uy and joining u; to each vertex of S; for i =
1,2, ...,n. The micro cardiac network graph is defined
in[1].

The following Theorems are used in sequel.

Theorem 1.1. Let G be a connected graph of order p >
3.Then2<C(G)<p-—1.

Theorem 1.2. Let G be a connected graph of order p >
3. Then C(G) =p—1if and only if G contains a
complete vertex.

Convexity Number of a degree splitting
graph of a graph

Theorem 2.1. For the path G = B, (p=3),

cos@en={,% P72,

http://www.pkheartjournal.com

55


mailto:sivabalanvkc@gmail.com

Pak Heart J 2023:56(01)

Proof. For p = 3, let P;: vy, v,, v; be a path of order
3. Since deg(v;) = deg(v3) =1

and deg(v,) =2, letS; = {v;,v;}and T = {v,} bea
two partitions of G. To obtain DS(G) from G, we add
a vertex u,which corresponds to S;. Therefore
|[V(DS(G)| = 4. Let S = {v,v,} be a convex set of
DS(G) such that C(DS(G)) =2. We prove that
€(DS(G)) =2. On the contrary, suppose that
€(DS(G)) = 3. Then there exists a convex set S’ in
DS(G) such that |S'|=3. Then Ipgq[S']=
V(DS(G)), which is a contradiction. Therefore
c(Ds(®)) = 2.

For p = 4, let B,: vy, v,, ..., v, be a path of order p.
Since deg(v,) = deg(v,) =1

and deg(v;) =2,2<i<p-1, let 5§ ={v,v,}
and S = {v,,...,v,_1} be a two partitions of G. To
obtain DS(G) from G, we add a vertices u; and u,
which corresponds to S; and S, respectively.
Therefore [V(DS(G)| =p + 2. Let S =
{v2,v3, ..., vp_1,u,} be a convex set of DS(G) such
that C(DS(G)) = p — 1. We prove that C(DS(G)) =
p — 1. On the contrary, suppose that C(DS(G)) = p.
Then there exists a convex set S’ in DS(G) such that
ISl = p. Then Ips)[S'] = V(DS(G)), which is a
contradiction. Therefore C(DS(G)) =p — 1.

[ ]

Theorem 2.2. For the cycle G = C, (p=3),
(3, ifp=3

C(DS(G))_{p_ JE s

Proof. For p = 3, let C5: v,,v,,v5,v; be a cycle of
order 3. Since deg(v;) =2, 1<i<3, let §; =
{v4,v,,v3}. To obtain DS(G) from G, we add a vertex
u,which corresponds to S; . Therefore |V (DS(G)| = 4.
Let S = {v;,v,,u } be a convex set of DS(G) such
that C(DS(G))=3. By Observation 1.2,
c(Ds(®)) = 3.

Forp = 4, let Cp: vy, v, ..., vy, V1 be a cycle of order
p. Since deg(v;) =2,1<i<p, let §, =
{v1, v, ...,v,}. To obtain DS(G) from G, we add a
vertex u, corresponds to S;. Therefore |V(DS(G)| =
p+1. LetS={v,,v,vs,..,Vp_ U} be a convex
set of DS(G) such that C(DS(G)) = p — 1. We prove
that C(DS(G)) = p — 1. On the contrary, suppose that
C(DS(G)) = p. Then there exists a convex set S’ in
DS(G) such that |S'|=p. Then Ipsi[S']=
V(DS(G)), which is a contradiction. Therefore

c(ps(6)) =p-1.
|

Theorem 2.3. For the complete graph G = K, (p =
3), C(DS(G)) =p.

Proof. Let Ky,: vy,v,,...,1, be a complete graph of
order p. Sincedeg(v;)) =p—1, 1<i<p, lets; =
{v1, vy, .., vp}. To obtain DS(G) from G, we add a
vertex u, which corresponds to S;. Therefore
[V(DS(G)| = p + 1. DS(G) = K, 4, and by Theorem
1.2, ¢(DS(G)) =p. n

Theorem 2.4. For the star graph G = K;,,_; (p = 4),
C(DS(G)) = 2.

Proof. Let K; ,,_4: x, vy, vy, ..., Vp_4 b€ @ star graph of
order p. Since deg(x) =p—1 and deg(v;) =1,
1<i<p, letS, ={vy,v,, ..., v,}. To obtain DS(G)
from G, we add a vertex u, which corresponds to S;.
Therefore |V(DS(G)| =p+ 1. Let S ={x,v;} be a
convex set of DS(G) such that C(DS(G)) = 2. We
prove that C(DS(G)) = 2. On the contrary, suppose
that C(DS(G)) = 3. Then there exists a convex set S’
in DS(G) such that |S'| = 3. Then Ips[S'] =
V(DS(G)), which is a contradiction. Therefore
c(DS(®)) = 2. n

Theorem 2.5. For the fan graph G = F, (p = 4),
C(DS(G)) =p.

Proof. Let F,:x,vy,v,,..,vp_1 be @ fan graph of
order p. Since deg(x)=p—1=deg(v;) =
deg(vy,_;) =2 and deg(v;)) =3, 2<i<p-—-1,
let S, ={vy,v,4} S ={vyvs ..,v,,} and T =
{x} be a three partitions of G. To obtain DS(G) from
G,

we add a vertices u; and u, which corresponds to S,
and S, respectively. Therefore |V(DS(G)| =p + 2.
Let S = {x,vy,v;,...,Vp_2,U,} be a convex set of
DS(G) such that C(DS(G)) =p. We prove that
c(DS(G)) =p. On the contrary, suppose that
€(DS(G)) = p + 1. Then there exists a convex set S’
in DS(G) such that |S'| = p + 1. Then Ips)[S'] =
V(DS(G)), which is a contradiction. Therefore
c(DS(®)) =p. n

Theorem 2.6. For the wheel graph G = W, (p = 4),
C(DS(G)) =3.

Proof. Let W,: x, vy, v, ..., v, be a wheel graph of
order p. Since deg(x) =p—1
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and deg(v;) = 3,1<i<p-—-1, let § =
{v1,v5, ., v,_1} and T = {x} be a two partitions of
G. To obtain DS(G) from G, we add a vertices u,
which corresponds to S;. Therefore |V (DS(G)| =p +
1. Let S = {x,v,,v,} be a convex set of DS(G) such
that C(DS(G)) > 3. We prove that C(DS(G)) = 3.
On the contrary, suppose that C(DS(G)) = 4. Then
there exists a convex set S’ in DS(G) such that |S'| >
4. Then Ipgq[S'1=V(DS(G)), which is a
contradiction. Therefore C(DS(G)) = 3. n

Theorem 2.7. For the shell graph G of order (p = 5),
C(DS(G)) =p.

Proof. Let G: vy, v,, ..., v, be ashell graph of order p.
Since deg(v,) = deg(p) = 2, deg(v;) =3,3<i <
p—1, let S, = {vz,vp},Sz = {v3,v4, ...,vp_l} and
T = {v,} be a three partitions of G. To obtain DS(G)
from G, we add a vertices u, and u, which corresponds
to S; and S, respectively. Therefore |V(DS(G)| = p +
2. Let S = {vy,v,, 3,0y, ..., Vp_1, U, } DE @ CONVEX SEt
of DS(G) such that C(DS(G)) = p. We prove that
C(DS(G)) =p. On the contrary, suppose that
€(DS(G)) = p + 1. Then there exists a convex set S’
in DS(G) such that |S'| = p + 1. Then Ips[S'] =
V(DS(G)), which is a contradiction. Therefore
c(Ds(6)) =p. n

Theorem 2.8. For the comb graph ¢ = B, © K; 0
(»p =3),C(DS(G))=2p — 2.

Proof. Let G:vy,vy, ..., Vp, Us, Uy, ..., U, DE @ COMb
graph of order p. Since deg(w;) =1, 1<i<p,
deg(v;))=deg(v;)=3,2<i<p-—1,let S, =
{ul.uz, ...,up}, S, = {vl,vp} and S; = {172, ...,vp_l}
be a three partitions of G. To obtain DS(G) from G, we
add a vertices x;,x, and x3; which corresponds to
S1,S, and S; respectively. Therefore |V(DS(G)| =
2p + 3. Let S=
{v2, V3, ., Vp_1,Up, Us, o, Up_q, X1, X3} DE A CONVEX
set of DS(G) such that C(DS(G)) =2p —2. We
prove that C(DS(G)) =2p —2. On the contrary,
suppose that C(DS(G)) = 2p — 1. Then there exists a
convex set S* in DS(G) such that |S’| = 2p — 1. Then
Ipsy[S'] # S’, which is a contradiction. Therefore
c(Ds(6)) =2p —2. n

Theorem 2.9. For the complete bipartite graph ¢ =
K.s (r,s=22),

3, r=s
2, T+5S

s ={

Proof. Let Vi:{vy, vy, ..., v} and
V,:{uq, uy, ..., us} be the partition of G.

Case (i) r =s.

In this case, each vertex of G has same degree.
Therefore, we obtain DS(G) from G we add a vertices
x which is adjacent to every v; and u;. Therefore
[V(DS(G)| =7+ s+ 2. LetS = {v;, u,} be a convex
set of DS(G) such that C(DS(G)) = 2. We prove that
c(DS(6)) =2. On the contrary, suppose that
€(DS(G)) = 3. Then there exists a convex set S’ in
DS(G) such that |[S'|=3. Then Ipsq)[S']=
V(DS(G)), which is a contradiction. Therefore
c(ps(®)) = 3.

Case (ii) r # s.

Since deg(v;)=3(1<i<r)and deg(uj) =
r(1<j<s). Let S, ={vy,vy..,v5} and S, =
{uy,uy, ...,u;} be a two partitions of G. To obtain
DS(G) from G we add vertices x; and x, which
corresponds to S; and S, respectively. Therefore
[V(DS(G)|=r+s+2. Let S={v,u,x} be a
convex set of DS(G) such that C(DS(G)) = 3. We
prove that C(DS(G)) = 3. On the contrary, suppose
that C(DS(G)) = 4. Then there exists a convex set S’
in DS(G) such that |S'| = 4. Then Ips[S'] =
V(DS(G)), which is a contradiction. Therefore
c(DS(®)) = 2. n

Theorem 2.10. For the bistar graph ¢ = B,,, (p =
3), C(DS(G))=2p+3.

Proof. LetG: u, v, uy, uy, ..., Up, V4, vy, ..., v, bebistar
graph of order 2p + 2.

Since deg(u) =deg(v) =p and
deg(u;) =deg(v;)) =1 (1 <i<p), let S, =
{uq, uy, e s Up, V1, V2, ...,vp} and S, = {u, v} beatwo
partitions of G. To obtain DS(G) from G we add
vertices x; and x, which corresponds to S; and S,
respectively. Therefore |V(DS(G)| = 2p + 4. Let
S ={u,v,uy, Uy, ..., Up, V1, Vy, ..., Vp, X1 } DE @ CONVEX
set of DS(G) such that C(DS(G)) =2p + 3. By
Theorem 11, c(DS(G)) =2p+3.
[

Application of convex sets in micro cardiac
network graph
A muscular organ roughly the size of a closed hand,

the human heart is responsible for pumping blood
throughout the body. Deoxygenated blood is brought
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into the body through the veins, where it is sent to the
lungs for oxygenation before being pumped into the
numerous arteries, which deliver nutrients and oxygen
to the body's tissues by moving the blood throughout
the body. The heart is situated posterior to the sternum
and medial to the lungs in the thoracic cavity. The
aorta, vena cava, and pulmonary arteries are all
connected to the base of the heart at its better end. The
diaphragm is directly above the bottom point of the

heart, known as the apex. The peak of the heart, which
points towards the left side, is located at the midline of
the body. Since the heart is located on the left side of
the body, roughly two thirds of the mass of the heart
originates there, with the remaining third on the right.
In[1 ], the various components of the human heart are
depicted in Figure 3.1. The maximum cardinality of
a convex set S shows the region in which the blood
circulation is more in the valves connecting the heart.

Figure 3.1
Micro Cardiac Network Graph

For the graph G given in Figure 3.1, S=
{v1, V2, V3,04, Vs, V11, V12, V13, V14} 1S @ maximum
convex set.

Conclusion

In this article, we studied the convexity number for
degree splitting graphs. Finally, we give an application
of convex set in micro cardiac Network Graph.

Acknowledgements

The authors thank the referees for their valuable
suggestions and comments.

References

[1] Basavaprasad B and Ravindra S. Hegadi, “Graph
Theoritical Approaches for Image
Segmentation”, Journal of Avishkar-Solopur
University Research Journal, Volume 2, 2012.

[2] F. Buckley and F. Harary, Distance in Graphs,
Addition-Wesley, Redwood City, CA, (1990).

[3] G. Chartrand, C. Wall and P. Zhang, The
Convexity number of a Graph, Graphs and
Combinatorics, 18(2002), 209-217.

[4] P.Duchlet, Convex sets in Graphs, Il. Minimal
path convexity, J. Comb. Theory ser-B,44(1988),
307-316.

[5] R.Ponraj, S.Somasundaram, On the degree
splitting graph of a graph, National Academy
Science Letters, 27 (7-8), 275-278, (2004).

http://www.pkheartjournal.com

58



